Principle of Mathematical T nduckion
Suppose fhat ¥neN, SG) is a \o\j‘\cu\
stakement ;  ond Yhat -
D) SGY S Frve,  ond
1) YneN, S(a) = S(ax1\).
Then S(n) 18 frue for ol neN.

So, fo prove Phat SGn) s Frue, Vne
Rase case
Peove thot SCQY & froe .
Tanaduckive skep
Prove Fhat, YneW, if S(n) 13 krve
Phem  Slax)) 15 true. '\( inductive )

\\j‘:o\'kcsis
Conclide ¥hal SGn) s ﬁue_/ JneW.




Possible modifications:

e TE we wam¥ Yo ProNC Yhat SG&) is
froe , ¥nzb, WJhere ber , Yen
for YW bbase cage e should prove
Phar S(B) 1s froe.

. Some_\”(me& jou mq,j MZ,& Jro Z.S'\‘Q\)“S\\
more.  “bhase cagesT o jd" Yhe_

indvuctive s‘:cF b work.

* For Yhe induchive Sjrcp/ inskcad of Pi‘ov'\‘vv
YnelN, iF Sn) s frue
( ’ / (weake induction)
thon S(ae)) T teve,
we covld prove  that
Q/nem/ i S(m)is frue, Vizmen,

Fhon S(ne)) 3 Feve.

) (S\'tonj inc’-uc\'?an)



Ue\\—orderin j ?r\nclp \e
Su??ose, A< N .
Tf A#4, Yn Ineh si. Ymef, mzn.

QE\)G\'\:] nov\-cm?\-j S\J\DSC\' 0‘: \N)

hos a smallest element.
P Consider Yhe contrapoesitiyve: (\oJ‘\m\\
~( Ineh 4. \(me(\/ mzn) = A=¢. €q )

EK\J‘\\: a\ent \3 '.

YneA; Ameh .5 men == A=¢.

Suppese. the shatement on Yo left is 4,
and  YneMN lef S be the shalement Yhat
né A. To shew Yk A=9¢ < Yhe some as
s\fww\\t\j Vst e, S is true.

We \zrocecA bj (s\'w\'\j) induckion

Base cage = L& \GA then, !aj assuwvption,
Amel sh- »EA.  Howener A=, so
Yots Ts impossible . Theeefore 1 €A,

so SO s Yroe .



Trduckive step: Soppose Yhat neMN ond  Fhat
Stm) s Yree, Yi=men. (m¢l\/ VAE \I"\s'\>
LE neleh then, by assomption, 3 m<nel
st meA. Bur W iF wvwust be Yhe wsee
bha¥ \EmeEn, Jhich Ts @ contradic .
Therefore ne\¢€A , so S(n<)) s Froe.
Conclusion: \/né\\\) Sh) s e,
Thevthere A=¢. i

Possible madificafions
« Could assuome Mgt A‘;ZZ_/ PH‘Y‘/ and that
1 xell ci. ‘(/«\ef\/ NZX.

+ Guld assome Vgt AST, A#¢, and that
Axelk st VYneA, nex
bot fhen conclude Yhor A hag a
}oz_rge_,g‘_r element .



Division q\joﬂ“’\/\\v\
S\J\>§>0§€, '\’M)\' Q,bel q.na Yot b= O. Then
Fhere exist v que “\«\3c<jm q ond © with

r-%b—l-rh ond Qs ¢ <\b\

\ (a\'ua‘r\m\') (fcMaiNicf\

Sketch of proof:  (existonce anly)
Soppase. 0. Consider Yhe sei
A= {ﬂ€l= Q—h\’)ZO?
Then: -A#g:
'if 020 then 0-0-b=a20, S0 OEA.
‘1 a<o then a-ab=a(l-5)20, so «€f.
"Yaeh, nt % .
Ej he el Ordmh\j Principle:
FqeR sk Vne€h, nzgq.

(cont. on next ,00\76)



Leb ¢=a- ab- Thon
* q¢ A "”D‘;\Z_?_
- T& c2b then
a-(qt\)b=(a-qb)-b =c-b20
=D qxl€A , which is a ontradiction.
Thece fove ﬁ_ﬂ?v
\)n\:t\,u\aSt . B



q Cd Cmd lcw\

LE odeZ. with 470, we e Phat d divides o,
and write dla, if JqeT <t a=qd.
Olherwise ¢ write dXa.

Facke: Souppoce o beZ \{03. Then:

* Therc is a ynique. d€N , called

e jrga‘ct»s\' Gwmen  divisor of o ond b,

Wit the ‘:—a\\ow‘\nj properties:

) dla end db . (common divisor)

W) LE eeTl, elo, ond elb, then eld. (greatst)

Notation: d= 3ca (0,0) = (o, b).
Abbreviattons : qed 3&, hef .
© There is a ynique. AN, called
re least cemmon multiple of o ond b,
it the f—a\\ow\nj proerkies:
) all and BLL. (common moliiple)
i) TE meTl, olm) ond blm) ¥aen L. (leost)
Notation: L= Lem(o)b)
Pbbreviations : Lem= Lcd



* \ab\= jc.& (a,): Lew (o)
Speciol cage: LE cha,D | then  labl= Lewm(a)b).
\'(a omd b ore rc\o.hve\\\) pfime ).
Two ways fo Campute ju! CANE
-Fackor a and b .. (no keewn fast o\3ocmm)
* Use the Eovclidean q\}@\'kq o (Fet)

Observakion: Suppose abeZ A\ (6T and write
a= <\\>*r/ q,r €2, Aty
Then  (op)=(br).
PL: Follows Cram Yhe Facks flad
(e ab = (aB) la=qb=c = (o) | (br)
and Yo
(o) | = (5,0)) qber=a = (&:,r\\(«,\a\ . B



Euclidean a\j orithm

Su??os-(, Q,b 6 7L\ . Caw?\)*e,
a= c\‘\yt' T QEZL , O R <ik (wete .= \b))

b=q 0, q €7, O=g<f,

0= A0+ ChG—[L/ O GG

PR (N B PR q'm\€ Z,/ WX MY W
Cn= Qe Tney ) Qi €2 (stop s Soon as you
Jd o remainder of 0).
Then  (aB)= (b )= (e ,00)= - = (€0, fre) = Toey

O

Ex. a--U%(,%’S/ &>=Z,\'32,2,\/ compute.  (a)h)-

a=\-b+ 3467 (9=, n=14eT )
b=6T 3L +5F7 (g6l =577 )
™ML= 6 5FF las=b, oo cemmnder )

C,o“(,\\)S;(N\"- quk): SH++.

Note ©  a=331-53F , b=T73:537,
so ¥his problem IS mudn e dR{AcUtt
o do Ej beukre force Cadtorizalton.



An \M?or\-mn\' caro\l M‘J :
Bézook's \emma: Soppse  abeZN\{o} and It d- Jul(u,\,\.
Then {ak+bl: b 2e7z 3= {c\d: <\e7_‘§.
Ta ?q,r‘ricu\ar/
Ak Le st aksbl=d .
How o Bind K LeZ sb. ak+hd=4Q :

0) Fue. 0.\3. @ Reverse Eoc. o.\J «
b= Qe * e - \6“-\ D+ \Xn-\ AN
°. A
rn-‘l.: <\1\ rn-\+ rn =Q_\" \f\'\l(r\\-‘l_ - qn‘\n-\\ = k\ rv\-‘L +* m
| P c\w\'\“\ * Caxy (0\\5\ = Caxi™ Oy ™ (\"*\?
N2

rh = CKM-’L rr\t\

Bx. a= U683, b=715722| , (ab)=577.
a=\-b+ 346 T 15-6?_(«-&% -bZ-at L3
L=0T -SH6TL +S5S77%

S37= b 01 360

y4

F 2= 6 5FF
Se  (b)=S5?F=-(L-atL3 .



Fondomental Thewem of AriVhmelbic
A ocime oavmber (g an \v\\-fjer p>)
whose or\\rj 90&'\\-‘\\16, ANisots  axe |\ “MF’

/Y\rVCofCM (\:Tp\r)i I-Q r\7\ 1S M\\v\\-eﬂ(of‘
Yo e 38 @ 9_‘{\3(;\1\_16 uo/j of w\’"\\'iv\ﬂ

Yl

_ e T

TR T
whete \@d\\) PICPLCT TSPy ME prime
numbers, and X, Ar,..., N €N



Usefol  Facks:
- TF e 18 a prime nom e, a,l‘bel/
ond  plab, ¥Yhen pla o plb.
(nok Yeoe i ?7\ et ?r“\wxej)
°Su‘>‘>osz, Yt ?\¢F1<~“<\>J_ afe
primes  and Yt
Q= PP et pr Sy 020,

b""'\’?‘\’z\?“"‘ PEL / by ey 2020

Then: )
wnlay b)) minloz mn
'\) j(’d&('al\o): ?\ (0) 3?7_ . RS :Pﬂ_ ('a}l,b}‘)
1) omlagn) = gDl Lasjbe)_ o< o be)





